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Abstract: 

In this paper we give a method, based on the characteristic function of a set, to 
solve some difficult problems of set theory found in undergraduate studies. 



Definition: Let’s consider Ac£^0 (a universal set), then f A :E—>{ 0, 1} , 
f 1, if v e A 

where the function f, (x) = { is called the characteristic function of the set 

A [0, if 

A . 



Theorem 1: Let’s consider A, B c E . In this case f A = f B if and only if A = B . 



Proof. 



Jl, if re A = B 
jo, if x <£ A = B 



= f B ( x ) 



Reciprocally: For any xeA, f A (x) = 1 , but f A — f B , therefore f B (x) = 1 , namely 
refi from where Ac B . The same way we prove that B c A , namely A = B . 

Theorem 2: /) = 1 - f A , A = C E A . 



Prof. 

Jl, ifxeA Jl, if xgA Jl — 0, if x g A 

[O, if v £ A jo, if x e A [1 — 1, if ieA 




if x<£ A 
if xeA 



= 1 - f A ( x ) 



Theorem 3: f AnB = f A *f B . 
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Proof. 



f A rJ X ) = 



\l, if x e A n B f 1, if xeA and xe B 

I 0, if x^AnB [0, if x <£ A or x <£ B 



1, if xe A, xeB 
0, if xe A, x£ B 
0, if x<£ A, xe B 
0, if x<£ A, x<£ B 



(1 if xeA 
I 0 if x<£ A 



1 if xe B 
I 0 if x<£B 



= /aW/bW • 



The theorem can be generalized by induction: 

Theorem 4: /„ = f]/ 4 , 

n \ i=\ 

*=i k 1 

Consequence. For any n e N* , = f M . 

Proof. In the previous theorem we chose A { = A 2 = ... = A n = M . 

Theorem 5: f AuB = f A + f B - f A f B . 

Proof. 

IauB = = -fe = 1 - hr-H = 1 - hh =1 - 0 - f A ) 0 - /« ) = f A + /« - f A f B 

It can be generalized by induction: 



Theorem 6: / - £(-!)■■• £ (-1 



IM 



* k-\ 



\<i, <...<iu<n 



Theorem 7: f A _„ = f A (\ - f H ) 

Proof, f a-b = fjw = f a In = f A ( 1 - Ib ) ■ 

It can be generalized by induction: 

Theorems: = £(-l)‘-'44 ...4 . 



k-l 



Theorem 9: / AAB =f A +f B - 2 f A f B 

Proof. 

/AAB = /AUB-AflB = f A\JB (1 - IaHB ) = (/a + f B ~ f A f B ) l 1 " f J B ) = f A + f B ~ 2 f A f B 
It can be generalized by induction: 



Theorem 10: F, =£(-2)*"' £ /„ 



k = 1 



l<ii< ...<i k <n 



A * 



Theorem 11: f AxB (x, y ) = f A (x)f B (y) . 
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Proof. If ( x,y)eAxB , then f AxB (x,y) = 1 and xeA, namely f A (x) = 1 and 
yeB, namely f B (y) = 1 , therefore f A (x)f B (y) = 1 . If (x, y) £ Ax B , then f AxB (x, y) = 0 
and x <£ A, namely f A (x) = 0 or y <£B , namely f B (y) = 0 , therefore f A (x)f B (y) = 0 . 
This theorem can be generalized by induction. 

n 

Theorem 12: / (x p x 2 ,...,x n ) = T\fAx k ). 

fc=l K 

k = 1 



Theorem 13: (De Morgan) U A. = f) A k 

k = 1 k = 1 



Proof. 



s Vv-A = na-4>=n/*=/ 

, u . * Jk=l l</‘i <...<i t <n k = 1 *=1 

*=i 



IM 

t=l 



ri4 

/;-! 



We prove in the same way the following theorem: 



n n 



Theorem 14: (De Morgan) f| A k = U A k 



k = 1 k=l 



f ii A 



UAjnM = u(AnM). 



*=i 



Theorem 15: 

Proof. 

/,. , =/. /«=Z(-i)“ Z 44-4/«=Z(-i)“ Z 44 - 4 /, 

I u IfW u 4 rr . . *• ^ h rr . - . - *> ** 

it=i 



&=1 l<t, <...<4 <n 



k = 1 !</,<...<4<n 



= E(-r‘ X Z^rwA i nM-/^nM =/. 

&=1 l</j<...<4<n 

In the same way we prove that: 



u(A*rw) 



f n \ 



Theorem 16: 



A k j{jM = r\(A k UM). 



k = 1 



Theorem 17: ( A" =1 A a . ) f| M = A" =1 ( A t f) M ) 

Application. 

(A" =1 A*)U AT = a; = 1 (A t U Af ) if and only if Af = O 



Theorem 18: Mx U A k = U (M x A k ) 



i=l / A=1 



Proof. 
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/ fn Ax,y)= (^) = ^(-l)"- 1 Yj 4 (x)f (x)...f (x)f M (y) = 

Mx UaJ U A k “ “ *' 

\k=i ) k=i 



k=\ 



l<i'i <...<i k <n 



= Z A i wx, i «-A (i «/;w= 

& = 1 l<ii <...<4 <n 

= Ic-i) 4 - 1 £ 4 xu(x,y)...f Ai xu(x,y) =f 



k=\ 1 <ii<...<i t <n 

In the same way we prove that: 



U(«x4) 



f it A 



Theorem 19: M x 



n a = n ( MxA t ). 

yk=l ) k=l 



Theorem 20: M x (A t - A 2 A n ) = (M x A, )- (A/ x A 2 )- ...-(A! x A„). 

Theorem 21: (A -A 2 )U(A 2 - A 3 )U...U (A,-, - A ) U ( A„ - A ) = U A k - f) A 



k=\ k = 1 



Proof 1. 






(4-a 2 )U...U(4,-4 



rZH) H I 4rv-4 



A:=l 



l</i<...<iV<n 



Z(-1) H Z <4 -4 -44>-<4 -4 ~44>= 



£=1 



*=1 



l</> <...<L<n 



l</> <...<L <n 



( n \ 


i 1 




i-ll4 

V p= x ) 


II 


*N 

1 



= f„ „ 

U4-fl4 



n 

Proof 2. Let’s consider x e U(A ( . - A i+1 ), (where A n+1 = A, ), then there exists k 

1 = 1 

such that x e(A k -A k+l ), namely x<£ (A k f| A t+1 )c A fl A fl ... fl A„, namely 
JC0 API A n...fl A , and x e U A t - I A k . 

k= 1 ifc=l 

Now we prove the inverse statement: 

« n 

Let’s consider .r e U A k - fl A k , we show that there exists k such that x eA k and 

k = 1 k = 1 

x <£A k+l . On the contrary, it would result that for any k e (l, 2, ...,«] , x e A k and x eA t+l 

n 

namely x e U A, , it results that there exists p such that x e A , but from the previous 

k= 1 P 

reasoning it results that x eA n and using this we consequently obtain that x eA k for 
k = p,n . But from x e A n we obtain that ieA p therefore, it results that x eA k , k = l,p , 
from where x eA k , k = l,n , namely xe A 1 fl.-.fl A n , that is a contradiction. Thus there 
exists r such that xeA r and x&A r+1 , namely x e(A r - A r+1 ) and therefore 

n 

xe - U(A ~A + i)- 



k = 1 
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In the same way we prove the following theorem: 



n 



Theorem 22: (A 1 AA 2 )U(A 2 AA 3 )U...U(A b _ 1 AA, i ) = U A k 

k= 1 



n 




Theorem 23: 

(A 1 xA 2 x...xA t )n K + I x \ + i x -x A* ) n ( A, x A x •••>< A-i ) = ( A H A fi ...n a, )* ■ 

Proof. = 

= A,.,4 X «)-A,x...xA M = 

= (/ A (-h)-4. (^))-f/ Ai (x n )-f Ak _ x (-Vi)) = 

= = ^) = 

~ •^(A 1 n...nA,) f • 

Theorem 24. (P(£’), U) is a commutative monoid. 

Proof. For any A,B e F , (is) ; AU/ie / J (£) , namely the intern operation. Because 
(AU5)UC = AU(5UC) is associative, A U B = 5 U A commutative, and because 
A U 0 = A then 0 is the neutral element. 



Theorem 25: (P(£’),f|) is a commutative monoid. 

Proof. For any A,B eP(E ); Af|5eP(£’) namely intern operation. 

(Afl£)nC = An(5nC) associative, A f| B = B f| A , commutative A f| E = A , £ is the 
neutral element. 



Theorem 26: (P(E), A) is an abelian group. 
Proof. For any A,Be P(E) ; AAB e P(E) 



namely the intern operation. 



AAB = BAA commutative. The proof of associativity is in the XII th grade manual as a 
problem. We’ll prove it using the characteristic function of the set. 

/(AAB)AC = 4 /a/ B /c - 2 f A f B + f B fc + f C f A + f A + /« + f C = /aa(BAC) ' 

Because AA0 = A , 0 is the neutral element and because AAA = 0 ; the 
symmetric element of A is A itself. 



Theorem 27: (P(E), A,f|) is a commutative Boole ring with a divisor of zero. 

Proof. Because the previous theorem satisfies the commutative ring axioms, the 
first part of the theorem is proved. Now we prove that it has a divisor of zero. If A ^ 0 
and B^0 are two disjoint sets, then Af] B = 0 , thus it has divisor of zero. From 
Theorem 17 we get that it is distributive for n = 2. Because for any AeP(E); 
A D A = A and AAA = 0 it also satisfies the Boole-type axioms. 
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Theorem 28: Let’s consider H = {/ | / : E — » {0,1}} , then (//,©) is an abelian 
group, where f A © f B = f A + f B - 2 f A f B and (P(E), A)= (//,©). 

Proof. Let’s consider F : P(E) — > H , where /(A) = f A , then, from the previous 
theorem we get that it is bijective and because F ( AAB) = f AAB = F( A)® F(B) it is 
compatible. 

Theorem 29: card(A 1 AA n ) < card(A l AA 2 ) + card(A 2 AA 2 ) + ... + card(A n I AA /J ) . 
Proof. By induction. If n = 2 , then it is true, we show that for n = 3 it is also 
true. Because ( A 1 f| A 2 ) U ( A 2 f| A 3 ) c= A 2 U ( A l f| A 3 ) ; 

card (( Aj f| Aj ) U ( A 2 f| A 3 )) < card(A 2 U ( A l f| A 3 )) but 

card(M U N) = cardM + cardN - card (M f| N ) , and thus 

cardA 2 + card ( /V, f| A, ) ^ card (A, f| A 2 ) - card ( A 2 f| A, ) > 0 . can be 

written as 

cardA { + cardA-, - Icard ( A, f| 

< (cardA^ + cardA 2 - Icard ( A, f| A 2 + ( cardA 2 + cardA-, - 2carcl (A 2 f| A 3 )j . 

But because of 

(MAN) = cardM + cardN - 2 card (M f| N) 

then card(A l AA ] )< card (A t AA 2 )+ card (A 2 AA 3 ). The proof of this step of the induction 
relies on the above method. 

Theorem 30: (p 2 (E) ,card(AAB )) is a metric space. 

Proof. Let d{A,B) = card ( AAB ) : P(E ) xf(£)->0 

1 . d(A,B)= 0 <=> card(AAB) = 0 <=> card ((A - B) U (B - A))= 0 but 

because (A-5)f|(5- A) = 0 we obtain (A - B)+ card(B - A) = 0 and because 
(A - B)= 0 and card(B - A) = 0 , then A - B = 0 , B - A = 0 , and A = B . 

2. <r/(A,B)= d(B,A ) results from AA6 = 5AA . 

3. As a consequence of the previous theorem <r/(A,C)< d(A,B ) + d(B,C ) . 

As a result of the above three properties it is a metric space. 

PROBLEMS 



Problem 1. 

Let’s consider A = BUC and /:P(A)->P(A)xP(A), where 
/Or) = (lUfi,XUC). Prove that / is injective if and only if Bf)C = 0 . 

Solution F If / is injective. Then 

/(0) = (0U5,0UC) = (5,C) = ((5nC)U5,(5nC)Uc) = /(5nC) from 
which we obtain 5f|C = 0. Now reciprocally: Let’s consider 5f|C = 0, then 
f(X) = f(Y) ; it results that XU£ = FU5andXUC = FUCor 
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x =xU0 = xU(snc) = (xUs)n(xUC) = (FUs)n(FUC) = 7U(snc) = FU0 = r 



namely it is injective. 

Solution 2. Let’s consider B f| C = 0 passing over the set function /(X ) = /(F) 
if and only if X\JB = Y\JB and X U C = Y U C , namely / YUB = f YlSB and / YUC = f YUC 

or fx + f B - fxfs = fr +f B ~ frf B and fx+fc- fxfc = fr + fc ~ frfc from which we 
obtain (f x - f Y )(f B - f c )= 0 . 

Because A = B U C and B f| C = 0 , we have 

. . f 1, if n e 5 

/»-/c )(«) = . . f _ 

[-1, it «eC 

therefore f x f Y — 0 , namely X = Y and thus it is injective. 



Generalization. Let M = U A k and / : P(A) — » P" (A) , where 

k = 1 

/(I) = (IUA 1! IUA 2! ...JUAJ. 

Prove that / is injective if and only if A 1 f| A 2 f| ... fl A n = 0 . 



Problem 2. Let E ^ 0 , A e //i?) , and / : / 5 (£’) — > P(E) x PiL 1 ) , where 
/ (X) = (X fl A, X U A) . 

a. Prove that / is injective 

b. Prove that {/( x),xe P(E )} = j(M, Af) |McAciVc£ , j = AA 

c. Let g : P(L) — > K , where ,g(Z) = f(X) . Prove that g is bijective and compute 
its inverse. 

Solution. 

a. f(X ) = /(F) , namely (X f| A, F U A) = (F f| A, F U A) and then 

Xf| A = Ff| A, X U A = F U A , from where XAA = FAA or 
(XAA)AA = (FAA)AA , XA(AAA) = FA(AAA) , XA0 = FA0 and thus X = F, 
namely / is injective. 

b. {/(X), X e P(£’)} = f(P(E)) . We’ll show that f{P{E)) a K . For any 
(M,N) e f(P{E)\ 3 XeP(E): /(X) = (M, N ) ; (X fj A, X U A) = (M , N ) . 

From here X f] A = M , X U A = X , namely M a A and Ac N 

thus M cz A cz N , and, therefore (M,N) e X . 

Now, we’ll show that K a f(P(E)), for any ( M,N ) eX, 3 X eP(E) such that 
f(X) = (M,N). f(X) = (M,N), namely (X f| A,X U A) = (M,N) from where 
X fl A = M and XUA = X, namely XA A = N-M, (XAA)AA = (N - M)AA , 
XA0 = (N - M)AA , 

X = (X - M)AA , X=(XflM)AA, 

x=((xnM)-A)u(A-(xnM))=((xnM)nA)u[An(xnM))= 

=(xn(MnA))u(An(xnM))=(xnA)u((Anx)U(AnM))= 
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= (NnA)U(0UM) = (jV-A)UM. 

From here we get the unique solution: X = (N - A)U M . 

We test /((iV-A)UM) = (((iV-A)UM)nA,((iV-A)UM)UA) 



but 



((iv-A)UM)nA=((ivnA)UM)nA=((ivnA)nA)u(MnA)= 
=((ivn(AnA))uM=(ivn0)UM=0UM =m 



and 



((N-A)UM)UA = (iV-A)U(MUA) = (iV-A)UA = (iVnA)UA = 

= (N[jA)f](A[jA) = NnE = N, f((N -A) L!m)= (M,N). 

Thus f(P(E)) = K. 

c. From point a. we have that g is injective, from point b. we have that g 
surjective, thus g is bijective. The inverse function is: 
g~ l (M,N) = (N -A) DM . 

Problem 3. Let E*0, A,B eP(E) and / : P(E) — » P(E) x P(E ) , where 
f(X) = (Xf]A,XnB). 

a. Give the necessary and sufficient condition such that / is injective. 

b. Give the necessary and sufficient condition such that / is surjective. 

c. Supposing that / is bijective, compute its inverse. 

Solution. 

a. Suppose that f is injective. Then: 

/(A U 5) = ((A U 5) Pi A, (AUfl)nfl) = (A,fl) = (£nA, = 

from where A U B = E . 

Now we suppose that A U B = E , it results that: 

x = xn£=xn(AUs)=(xnA)U(xns)=(TnA)U(Fns)=Fn(AUs)=Fn£=F 

namely from f(X ) = /(F) we obtain that X = Y , namely f is injective. 

b. Suppose that f is surjective, for any M,N e P(A) x P{B), there exists 

X eP(E),f(X) = {M, N ), (XflA, Xf] B) = (M, N),Xf)A = M, Xf]B = N . 
In special cases ( M , N) = (A, 0) , there exists X ^P(E) , from 
XdA, 0 = X f)B zi Af)B, AflB=0. 

Now we suppose that A fl B=0 and show that it is surjective. 

Let (M,N)eP(A)xP(B), then M cz A, N a B , Mfl5cAri5 = 0, and 
AflAc:5nA = 0, namely Mfl5 = 0, AflA = 0 and 
/ (M U N) = ((M U A/’jfj A, (MUiV)nfi) = 

= ((MflA)U(iVnA), (. Mf]B)[j(NC]B)) = (M[j0 , 0{JN) = (M, N ), 
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for any (M , iV) there exists X=M\JN such that f(X) = (M,N ), namely / is 
surjective. 

c. We’ll show that /”' ((M, A/’)) = M UA . 

Remark. In the previous two problems we can use the characteristic function of 
the set as in the first problem. We leave this method for the readers. 

Application. Let E * 0, A k eP(£) (k = 1 and / : P(E) — > P"(E) , where 
f(X) = (xr\A l ,Xr\A 2 ,...,Xf]A n ). 

n 

Prove that / is injective if and only if l W = E. 

k = 1 

Application. Let E^0,A k eP(E), (k = l,...,n) and / :P(E) — » P"(E) , where 

f(x)=(xr\A,xr\A 2 ,...,xr\A n ). 

n 

Prove that / is surjective if and only if fH=0. 

k = 1 

Problem 4. We name the set M convex if for any x,y eM tx + (l-t)y eM , for 
any t e[0,l] . 

n 

Prove that if A k , ( k = 1 are convex sets, then Q A k is also convex. 

k = 1 

n 

Problem 5. If A k , ( k = l,...,n) are convex sets, then Q A k is also convex. 

k = 1 



Problem 6. Give the necessary and sufficient condition such that if A, B are 
convex/concave sets, then A U B is also convex/concave. Generalization for the 
N set. 

Problem 7. Give the necessary and sufficient condition such that if A, B are 
convex/concave sets then AAB is also convex/concave. Generalization for the N 
set. 

Problem 8. Let f,g : P(E) — » P(E) , where f(x ) = A - X , and 
g(x) = AAX, AeP(E). 

Prove that /, g are bijective and compute their inverse functions. 

Problem 9. Let A° B = {(jc, y) e □ xD \ 3z&D : (x, z) e A and (z, y) e 5) . In a 
particular case let A = j(.r, {.r} ) | x eD | and B = |({y} , y) | y eD | . 

Represent the A°A, B°A, B°B cases. 

Problem 10. 

i. If A[jB[jC = D, A[jB[jD = C, A\JC[jD = B, B[jC[jD = A, then 

a=b=c=d 
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ii. Are there different A, B , C, D sets such that 

AUBUC = AUBUZ) = AUCUZ) = BUCUZ)? 

Problem 11. Prove that AAB = A U B if and only if Af]B = 0 . 

Problem 12. Prove the following identity. 

n n ( n ^ 

n 4 ua,=u n a, 

i,j=i,i<j >= i J 

Problem 13. Prove the following identities. 

(AUfi)-(5nc) = (A-(flnC))U(5-C) = (A-fl)U(A-C)U(5-C) 
A-[(AnC)-(Anfi)] = (A-fi)U(A-C). 

Problem 14. Prove that AU(-6nC) = (AU-6)nC = (AUC)D-6 if and only if 
AcB and AcC. 

Problem 15. Prove the following identities: 

(a -b)-c = (a- b)- (c - B), 

(AUfl)-(AUC) = fl-(Anc), 

(Anfl)-(AnC) = (Afl*)-C. 

Problem 16. Solve the following system of equations: 

fAUAUP = (AUX)n(AUF) 

{Anxnp=(Anx)u(AnF)‘ 

Problem 17. Solve the following system of equations: 

JAAXAB = A 
\aayab = b’ 

Problem 18. Let X, Y, Z c A . Prove that: 

Z = (xnz)U(Fnz)U(AnznL) ifandonly if X = Y = 0 . 

Problem 19. Prove the following identity: 

U[4U(B,-C)] = fuA ( ]uhu4]-C • 

k = 1 M-= 1 ' L V ^=1 ' 

Problem 20. Prove that: A U -B = ( A - -6) U (-6 - A) U ( A f| -B) . 

Problem 21. Prove that: 
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(AA5)Ac=(Anflnc)u(Anflnc)u(Anflnc)u(An£nc). 



REFERENCES: 

[1] Mihaly Bencze, F. Popovici - Permutaciok - Matematikai Lapok, Kolozsvar, pp. 
7-8, 1991. 

[2] Pellegrini Miklos - Egy ujabb kiserlet, a retegezett halmaz. - M.L., Kolozsvar, 6, 
1978. 

[3] Halmazokra vonatkozo egyenletekrol - Matematikai Lapok, Kolozsvar, 6, 1970. 

[4] Alkalmazasok a halmazokkal kapcsolatban - Matematikai Lapok, Kolozsvar, 3, 
1970. 

[5] Ion Savu - Produsul elementelor intr-un grup finit comutativ - Gazeta 
Matematica Perf., 1, 1989. 

[6] Nicolae Negoescu - Principiul includerii-excluderii - RMT 2, 1987. 

[7] L. C. Gheorghe, T. Spiru - Teorema de prelungire a unei probability, dedusa din 
teorema de completare metrica - Gazeta Matematica, Seria A, 2, 1974. 

[8] C. P. Popovici - Lunctii Boolene - Gazeta Matematica, Seria A, 1, 1973. 

[9] Algebra tankonyv IX oszt., Romania. 

[10] Nastasescu stb. - Exercitii si probleme de algebra pentru clasele IX-XII - 
Romania. 



[Published in Octogon, Vol. 6, No. 2, pp. 86-96, 1998.] 



11 




